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Abstract: Aiming at the complex multi-body dynamic system of the 3-PRS ankle rehabilitation robot parallel 

mechanism, the dynamic model of the parallel mechanism is solved by Lagrange method, and the dynamic 

simulation is carried out. Based on the 3D model of the 3-PRS ankle rehabilitation robot, a virtual prototype is 

constructed, and the simulation examples of kinematics and dynamics of the mechanism are given. The 

simulation results are compared with those obtained by theoretical analysis, and the correctness of the 

theoretical analysis is clarified. It lays a solid foundation for the design of the 3-PRS ankle rehabilitation robot 

and the research of the parallel mechanism. 
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1. Introduction 

As a parallel mechanism [1], the ankle rehabilitation robot not only needs to meet the needs of different 

applications, but also needs to realize the complex action of the ankle joint rehabilitation. Due to the advantages 

of the parallel mechanism such as low inertia, high stiffness and closed structure [2], devices with parallel 

mechanism are widely used in many fields. Such as, aerospace, precision machinery manufacture, medical 

equipment and other fields have many applications [3-7]. Not all ankle rehabilitation robots have 6 

degrees-of-freedom (DOFs), so 3-DOFs parallel mechanism and 4-DOFs parallel mechanism are proposed [8]. 

As a representative of the parallel mechanism, the 3-PRS ankle rehabilitation robot has two rotation DOFs, 

which can complete the most important ankle rehabilitation movements, namely plantar flexion/dorsiflexion and 

varus/eversion. The robot also has a translational DOF, according to which the height of the patient on the chair 

can be adjusted to make it adaptive in the vertical direction. The 3-PRS ankle rehabilitation robot is composed 

of flexible and rigid objects, so it has complex multi-body dynamics. And it is difficult to analyze the kinematics 

and dynamics of the parallel mechanism because of its complex motion process. The simulation of dynamics 

and kinematics of the mechanism is helpful to the analysis of complex parallel mechanism, and the reliability of 

simulation can be obtained by comparing the simulation value with the theoretical value. In addition, in order to 

save time and cost, the virtual prototype of the 3-PRS ankle rehabilitation robot is established, because the 
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virtual prototype technology can reduce the research cost and short the research cycle. 

2. Establishment the 3-PRS ankle rehabilitation robot model 

The 3-PRS parallel mechanism is composed of three sliding rails fixed on a fixing platform, three 

sliding blocks, three connecting rods and a moving platform [9-11]. Three ball screw rods (namely slide rails) 

are evenly distributed at 120 degrees on the fixing platform. Three servo motors at the top drive the slider up 

and down respectively. A cylindrical hinge is mounted on the three sliding blocks respectively. Three equally 

long connecting rods are connected to cylindrical hinge and spherical hinge respectively. The rehabilitation 

robot uses the servo motor as the power input to control the slider motion and determine the posture of the robot 

moving platform。 
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Figure 1: Structural sketch of 3-PRS ankle rehabilitation robot 

 

M Q Ni i i
 ( 1,2,3i  ) are the branch chains, Mi

 are the vertexes on the base of the mechanism with 

radius R , and Ni
 are the vertexes on the moving platform with radius r . Q Ni i

 are the length of the 

connecting rods and denoted as 
iL , and M Qi i

 are the distance between the sliders and the fixed platform, 

denoted as 
iH . 

i  are the Angle between Q Ni i
 and M Qi i

. 

According to Figure 1, the fixing coordinate system 
1O -xyz  and the moving coordinate system 

2O -xyz  are established, and denoted as G and D respectively. The angle at which D rotates around the z axis of 

G is denoted by  , the rotation angle about the y axis is denoted by  , and the rotation angle about the x axis 

is denoted by  . The component of the 2O  with respect to the positional parameter of 1O  on the x axis is 

denoted by 
tx , the component on the y axis is denoted by 

ty , and the component on the z axis is denoted by 

tz . The homogeneous transformation matrix of D relative to G can be expressed as 

t

t
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            (1) 

3. Dynamic analysis 

Dynamic analysis of the parallel robot [12-13] is to study the relationship between mechanical forces 

and motion parameters in the movement process. Due to constraints and closed chain structure, the dynamic 

model of the parallel mechanism is more complex than that of series mechanism, which belongs to multi-body 

dynamic system. At present, Kane, Newton-Euler and Lagrange are commonly used. 
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In the paper, Lagrange is adopted for dynamic analysis of the 3-PRS ankle rehabilitation robot. 

Lagrange equation can be expressed as 

      1,2,3i

i i

d L L
Q i

dt q q

L T V

   
    

   


 

                                   (2) 

where L  is the Lagrange function, T  and V  are the kinetic energy and potential energy respectively, 

iq  and iQ  are the generalized forces and generalized coordinates of the system respectively, i  is the 

system DOFs. 

The point Ni  on the moving platform can be expressed as  
T

' ' '

1 1 1N N NX Y Z  in 2O -xyz . 

According to the mechanism size expression of the point Ni  in the three branch chains and the 

transformation matrix expression are equal, which can be expressed as 
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In the fixed coordinate system 1O -xyz , the quality of sliders  Q  1,2,3i i   are denoted as im , 

Since the centroid is on the slide track, the centroid of connecting rods Q Ni i  can be denoted as 

 
T

c c ci i iX Y Z , and can be expressed as 
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                                         (6) 
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The quality of connecting rods Q Ni i  are denoted as Lim , the centroid velocity is  
T

c c ci i iX Y Z   , 

and the rotational inertia about the centroid in the axis direction of the rotating pair is iJ . The quality of 

platform 1 2 3N N N  is denoted as Nm , the centroid is 2O , the displacement velocity and angular velocity 

relative to the fixed coordinate system 1O -xyz  are  
T

N t t tx y zV     and  
T

N   ω    respectively, 

and the inertia matrix around the centroid is NJ . The plane of base 1 2 3M M M  is used as the horizontal plane, 

and the dynamic model is simplified by ignoring the connection friction. The actual inertia matrix of 1 2 3N N N  

platform can be expressed as 

N

0 0

0 0

0 0

x

y

z

J

J

J

 
 


 
  

J                                      (9) 

The gravitational acceleration is denoted as g , the time as t , and the kinetic energy T  and potential 

energy V  of the mechanism can be expressed as 
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By deriving Equations (6), (7) and (8) with respect to time t , the outcomes are obtained. The 

outcomes are substituted into Equation (10), which can be expressed as 
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11m̂ , 22m̂ , 33m̂ , 12m̂ , 13m̂  and 23m̂  are set as the equivalent mass, 
1H , 

2H  and 
3H  are the velocity of 

generalized coordinates, and 1F , 2F  and 3F  are the generalized force of the system.  

By deriving Equation (3) with respect to the generalized coordinates 1H , 2H  and 3H  respectively, 

the parameter values iA , iB , iC , iD , iE , iF , iG , iM  and iN  are obtained. Therefore, the Lagrange 

equation can be expressed as 

d
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Equation (20) can be simplified as 
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4. Establishment and simulation of virtual prototype 

3.1 Establishment the virtual prototype 

As a simulation scheme of prototype design, simulation technology greatly saves the time and cost of 

research and development, and improves the level of productivity. As a methodological tool, simulation 

technology provides designers with a wide range of perspectives and makes the error detection, parameter 

optimization, and mechanism analysis possible. 

ADAMS is a software used to establish virtual prototype and analyze the static and dynamic mechanics 

of the system, but the modeling tool is relatively simple and not suitable for complex mechanism. SolidWorks is 

a very mature 3D graphics software, but it only has simple dynamic analysis and no control algorithm tools. 

Therefore, this paper establishes the 3D model of the 3-PRS ankle rehabilitation robot with SolidWorks, then the 

3D model is imported into ADAMS for analysis. 

To reduce the complexity of simulation of the 3-PRS ankle rehabilitation robot dynamics model, only 

the main characteristics required by the design of actual motion control law are retained. The following 

assumptions are adopted: 

(1) All parts of the 3-PRS ankle rehabilitation robot can be used as rigid body, and the shape deformation is 

ignored. 

(2) The friction, machining and assembly errors and environmental uncertainties of each joint in motion are 

ignored. 

(3) There is a linear relationship between velocity and force. 

 

The 3D model of the 3-PRS ankle rehabilitation robot is shown in Figure 1. The model is saved as a x_t 

format and imported into ADAMS to set up the simulation model. In order to get the simulation results close to 

the actual results, the quality, material, moment of inertia and other attributes of the imported virtual prototype 

are defined, and the corresponding constraints and system gravity are added. 

 

Figure 2: 3D model of the 3-PRS ankle rehabilitation robot 
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3.2 Kinematics calculation and simulation 

The structural parameters of the 3-PRS ankle rehabilitation robot are shown in Table 1. 

Table 1: Mechanism parameters of the 3-PRS ankle rehabilitation robot 

Parameters r / mm R/ mm Li/ mm mN/ kg mL/ kg 

Values 150 250 250 5.514 0.624 

Parameters mh/kg Ji/ kg mm
2
 Jx/ kg mm

2
 Jy/ kg mm

2
 Jz/ kg mm

2
 

Values 0.22 1150 3110 3110 6200 

 

(1) Inverse kinematics calculation 

The motion rule of the moving platform is set as 
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                                     (24) 

where t  is the duration of the exercise, and t  is set to 4 seconds. The motion rules of the slider can be 

calculated by using the numerical calculation software, as shown in Figures 3 and 4. 

 

(2) Inverse kinematics simulation 

In ADAMS, the motion rule of the moving platform is set as Equation (24), the simulation time is set as 

4 seconds, and the step size is 400 steps. The software simulates the motion rule of the slider as shown in 

Figures 5 and 6. 
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/s

 Time（sec（

m
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Figure 3: Calculated values of sliders displacement Figure 4: Calculated values of sliders velocity 
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Figure 5: Simulation diagram of sliders displacement Figure 6: Simulation diagram of sliders velocity 

By comparing the calculated value of the slider with that of the simulation, the motion rules of the two 

groups are basically the same, which indicates that the theory of inverse kinematics is reliable. 

 

3.3 Dynamic calculation and simulation 

(1) Inverse dynamics calculation 

The motion trajectory of the moving platform is set as Equation (24). The driving force 1F , 2F  and 

3F  of the three sliders can be calculated by solving the inverse dynamics equation with the help of numerical 

calculation software. The driving force changes with time as shown in Figure 7. 

Time（sec（

F
/N

 

Figure 7: Numerical calculations of the driving force of sliders 

(2) Inverse dynamics simulation 

In ADAMS, 【Impose Motion(s)】 is clicked, and the motion parameters of the moving platform are set 

in the popup window, as shown in Table 2. 

Table 2: Parameter settings table of 【Impose Motion(s)】 

Dof Tra X Tra Y Tra Z Rot X Rot Y Rot Z 

Type Free Free 0 0.2sin(πt) 0.2cos(πt) Free 

The simulation time is set as 4 seconds and the step size is set as 400 steps. The simulation results of 
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the slider driving force obtained by running the software is shown in Figure 8. 

 

Figure 8: Simulation diagram of the pose of the moving platform 

 

According to Figures 7 and 8, the theoretical derived value curve of inverse dynamics of the 

3-PRS ankle rehabilitation robot is almost the same as the simulation value curve obtained by the software, 

which indicates that the dynamic theory research in the paper is reliable. 

Conclusion 

A virtual prototype model of the 3-PRS ankle rehabilitation robot is established by using dynamic 

analysis software. The dynamic model of the rehabilitation robot is established by Lagrange and the inverse 

dynamic equation is deduced. The kinematics and dynamics simulation of the robot is carried out by virtual 

prototype software, and the results are almost consistent with the theoretical analysis results, which verified the 

correctness of the theoretical research on the 3-PRS ankle rehabilitation robot, and laid a theoretical foundation 

for the future study on the control strategy of the 3-PRS ankle rehabilitation robot. 
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